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Abstract—In decentralised state estimation, there are two key
problems. The first one is how to fuse estimators that are given
by the local processing of locally obtained data. The second one is
to compute the description of the fused estimator error supposing
the fusion rule is specified. Alternatively, if the global knowledge
of the decentralised problem is not available, the second problem
may be to provide such a description that does not overvalue
the quality of the fused estimator. The last problem is followed
in this paper. For local estimator errors with Gaussian mixture
densities, an underlying joint Gaussian mixture is supposed. The
component indices of the joint Gaussian mixture are supposed to
be hidden discrete random variables with unknown probability
function. The estimator fusion is considered to be linear with
fixed weights. An upper bound of the mean square error matrix
of the fused estimator is designed. In a case study, the newly
designed upper bound is compared with a current upper bound
and a density approach is discussed.

Keywords—information fusion, decentralised estimation, un-
known dependence, Gaussian mixtures, generalised Covariance
Intersection

I. INTRODUCTION

In point estimation [1], estimators are functions of mea-
sured random data. The estimator error is the difference
between the estimated quantity, which itself can be perceived
as a random variable, and the estimator. The quality of an
estimator is often assessed by the mean square error criterion,
while the estimators can be required to be chosen from a
predefined family of functions. In data fusion problems [2], the
knowledge of the estimator quality is needed in the subsequent
problems on a higher level of abstraction.

One typical decentralised problem is that there exist several
local estimators that are based on their own data sets, that
are possibly overlapping or composed of measurements with
dependent errors, and the fusion consists in the combination of
the estimators. Due to computational and practical limitations,
linear fusion [3] is usually considered. The design of the
weights of the linear fusion rule and especially the computation
of the fused estimator quality require the availability of a
joint description of the local estimator errors. However, the
availability of such a global knowledge is in a contradiction
to ideas of decentralisation.

Since the knowledge absence precludes the possibility to
compute the estimator quality exactly, it was proposed to
compute a bound of the quality. For estimator quality assessed
by the mean square error matrix, the weights of the linear
fusion were proposed in conjunction with the upper bound of

the mean square error matrix in [4]. The proposed Covariance
Intersection fusion has been further studied in [5], [6] or [7] for
example and numerically efficient solutions has been discussed
in [8], [9].

The basic Covariance Intersection assumes completely un-
known cross-covariance matrices of local estimator error and
it works with just the knowledge of upper bounds of the mean
square error matrices of the local estimator errors. An inner
structure of the estimator errors has been considered in the
Split Covariance Intersection [10], [11], a partial knowledge of
the cross-terms has been prospected in [12], [13]. Nevertheless,
the case the densities of the estimator errors are available
has not yet been fully explored. Preliminary results has been
obtained in [14], where the structure and parametrisation of
the dependence of Gaussian mixtures has been proposed, but
the fusion has not been designed.

Up to the authors’ knowledge, there are no works dealing
with densities of estimator errors. Note that the fusion of den-
sities of the estimated quantity treated e.g. in [15], [16] arises
from completely different fundamental approach. Remark that
adopting the point estimation approach, the quality of the
estimator is assessed before the measurement is taken, because
the mean square error matrix of the estimator error is given
by an expectation over all a priori possible measurements. In
the Bayesian approach, there are no estimators constructed
and definitely no estimator error is assessed unconditionally.
Instead, the conditional mean vector and the conditional co-
variance matrix of the estimated quantity are approximated.
Also, the interpretation of the fusion of densities conditioning
by different data is unclear [17], since from the objective
perspective, the density of the estimated quantity conditioned
by both data pieces is uniquely given. However, from the sub-
jective perspective, it is possible to disregard the conditioning
by data and interpret the fusion [15], [16] in the sense [18], i.e.
to search a probability density function that is in some sense
close to the densities being fused.

To complete the design of the estimator fusion under
unknown dependences of estimator errors, it is needed to
assign a density function to the set of all admissible densities
of the error of the fused estimator. The assigned function is
not a density of any meaningful random variable, since no
transformation of random variables is made by selecting a
function from some function space. Also, the function provided
by the fusion rule should not lead to the conclusion that
the fused estimator is of a better quality than of the quality
corresponding to the density of the fused estimator error. An



assignment of a Gaussian density can be performed by the
formulas known from the Covariance Union fusion [19], [20],
[21]. An assignment of a general density can be designed
according to [22].

The goal of this paper is to prospect the linear fusion of
estimators under a special structure of dependence of estimator
errors, while the parameters of the dependence are unknown.
Namely, the goal is to design an upper bound of the mean
square error matrix of the fused estimator. The question of the
design and use of Gaussian and non-Gaussian functions is also
to be answered.

The fusion problem is formulated in Section II. Section III
proposes a solution and a case study is performed in Sec-
tion IV. A further discussion makes up Section V, Section VI
concludes the paper.

II. PROBLEM FORMULATION

Let X be the quantity to be estimated and let Zs, s = 1, 2,
be random variables. Let X̂s = x̂s(Zs) be estimators of X and
let the densities pX̃s

(x̃s) of the estimator errors X̃s = X − X̂s
be known. Suppose that the joint density pX̃1,X̃2

(x̃1, x̃2) of
estimator errors has the mixture structure, i.e. let it be a
marginal density of a density pX̃1,M1,X̃2,M2

(x̃1,m1, x̃2,m2),
where Ms are hidden discrete random variables. So, the
density is supposed to be given by

pX̃1,X̃2
(x̃1, x̃2) =

N1∑
m1=1

N2∑
m2=1

pX̃1,M1,X̃2,M2
(x̃1,m1, x̃2,m2),

(1)
where the density with hidden variables is factorised as

pX̃1,M1,X̃2,M2
(x̃1,m1, x̃2,m2) =

= pX̃1,X̃2|M1,M2
(x̃1, x̃2|m1,m2)pM1,M2

(m1,m2). (2)

Next, let only the marginal probability functions pMs
(ms)

of the hidden variables Ms be known and suppose that the
marginal densities of the conditional factor are conditionally
independent of the other hidden random variable. That is, let
pX̃s|Ms

(x̃s|ms) = pX̃s|M1,M2
(x̃s|m1,m2) hold by definition.

Further, let the components pX̃1,X̃2|M1,M2
(x̃1, x̃2|m1,m2)

be given by Gaussian densities,

pX̃1,X̃2|M1,M2
(x̃1, x̃2|i, j) = N ([x̃T

1 , x̃
T
2 ]T : mi,j ,Pi,j), (3)

where i and j is a shorthand notation for m1 and m2 respec-
tively and the component mean vectors mi,j and covariance
matrices Pi,j have the following special structure

mi,j =

[
mi

1

mj
2

]
, Pi,j =

[
Pi1 Pi,j1,2

Pi,j2,1 Pj2

]
. (4)

It holds Pi,j2,1 = (Pi,j1,2)T by definition, but the value need not
be known. In order to abstract from the hidden variables and
underline the mixture structure, the shorthand notation αi,j1,2 =
pM1,M2(i, j) is used in the sequel.

So, the information in the fusion input is the estimators
X̂s, s = 1, 2, the corresponding Gaussian mixtures pX̃s

(x̃s),

pX̃s
(x̃s) =

Ns∑
ms=1

αms
s N (x̃s : mms

s ,Pms
s ), (5)

where the shorthand notation αms
s = pMs

(ms) is used, and the
underlying Gaussian mixture structure of the joint error density
pX̃1,X̃2

(x̃1, x̃2), see (1)–(4). Also, suppose that the estimators
are unbiased. That means ms = 0, where ms is given by
ms =

∑Ns

ms=1 α
ms
s mms

s . Next, denote the mean square error
matrix of the local estimator error by Ps. Then, it holds Ps =∑Ns

ms=1 α
ms
s (Pms

s + mms
s (mms

s )T).

Consider a linear fusion of the estimators X̂s which pre-
serves the unbiasedness. So, let the fused estimator X̂F be
given by

X̂F = WX̂1 + (I−W)X̂2, (6)

where W is a square matrix of the corresponding dimension
and I is the identity matrix. The goal of the fusion is to provide
a description of the fused estimator error X̃F , which is given
by X̃F = X − X̂F . Of course, since the parameters of the
assumed joint density of local estimator errors are unknown,
only some kind of bound can be provided.

Thus, the goal here is to provide an upper bound of the
mean square error matrix of the fused estimator and to discuss
the ways to assign a function πF (x̃F ) to the unknown density
pX̃F

(x̃F ) of the fused estimator error.

III. SOLUTION

If the knowledge of the local estimator error structure (5)
is ignored and only the knowledge of the unbiasedness of the
local estimator errors and the knowledge of the local mean
square error matrices Ps is exploited, then the set of upper
bounds ΠM

F of the mean square error matrix PF of the fused
estimator X̂F can be obtained by [5], [6],

ΠM
F =

1

ω
WP1W

T +
1

1− ω
(I−W)P2(I−W)T, (7)

where ω, 0 < ω < 1, is a free parameter and the dependence
of ΠM

F on ω is not denoted. By the term upper bound, it is
meant that ΠM

F − PF ≥ 0 holds in the sense that the matrix
ΠM
F −PF is positive semidefinite.

Of course, the standard result (7) is not the result of this
paper, but it will serve for comparison. The exploitation of
(5) is dealt with in the sequel. First, the fused estimator error
density pX̃F

(x̃F ) is computed for all admissible values of the
unknown parameters and another upper bound ΠF of PF is
computed next.

According to the choice of the weights of the linear fusion
rule (6) of the local estimators X̂s, the fused estimator error
X̃F is given by an analogical rule, X̃F = WX̃1 + (I−W)X̃2.
From (1)–(4), it follows that pX̃F

(x̃F ) is a Gaussian mixture
with the weights αi,j1,2 and with component mean vectors mi,j

F

and covariance matrices Pi,jF given by

mi,j
F = [W, I−W]mi,j , (8)

Pi,jF = [W, I−W]Pi,j [W, I−W]T, (9)

The mean vector mF of the mixture pX̃F
(x̃F ) is given by

mF =
∑N1

i=1

∑N2

j=1 α
i,j
1,2m

i,j
F and according to the assumption

of unbiased local estimators, ms = 0, the mixture mean vector
is zero, mF = 0, i.e. the fused estimator is also unbiased. The



covariance matrix PF of the mixture is also the mean square
error matrix of the fused estimator and it is given by

PF =

N1∑
i=1

N2∑
j=1

αi,j1,2(Pi,jF + mi,j
F (mi,j

F )T). (10)

For unknown dependence of the local estimators error, the
fusion provided upper bound ΠF has to fulfil ΠF − PF ≥ 0
for each admissible values of the component weights αi,j1,2 and
of the cross-covariance terms Pi,j1,2 of the mixture components,
see (4), (9) and (10). Because PF is linear in the component
mean square error matrices Pi,jF + mi,j

F (mi,j
F )T, the upper

bound ΠF can be found by designing an upper bound Πi,j
F of

component mean square error matrices first and dealing with
the linear combination later.

If the component weights αi,j1,2 are fixed, an upper bound
Πi,j
F of Pi,jF can be obtained by substituting Pi,j by its upper

bound Πi,j in (9). Similarly to (7), Πi,j
F can be given by

Πi,j
F =

1

ωi,j
WPi1W

T +
1

1− ωi,j
(I−W)Pj2(I−W)T, (11)

where ωi,j , 0 < ωi,j < 1, are free parameters, or it can be
given by the same combination with Pi1, Pj2 replaced by their
upper bounds.

To achieve the goal of the fusion, the fusion provided
matrix ΠF has to obey the upper bound condition

ΠF −
N1∑
i=1

N2∑
j=1

αi,j1,2(Πi,j
F + mi,j

F (mi,j
F )T) ≥ 0 (12)

for some chosen values of parameters ωi,j and for all values
of the component weights αi,j1,2 constrained by

αi,j1,2 ≥ 0,

N2∑
j=1

αi,j1,2 = αi1,

N1∑
i=1

αi,j1,2 = αj2. (13)

Thanks to the linearity of the term given by the sums in (12)
in the matrices (Πi,j

F + mi,j
F (mi,j

F )T), it suffices to fulfil the
condition (12) only for some extremal values of αi,j1,2. Since
there is a finite number of such values, the approach described
in [19], [20], [21] can be used to find some upper bound ΠF .

In a summary, it is needed to compute the component mean
vectors mi,j

F and the upper bounds Πi,j
F of the component

covariance matrices by (8) and (11). Then, the vertices of the
convex polytope given by (13) have to be found and a matrix
ΠF that fulfils (12) for αi,j1,2 corresponding to the vertices has
to be designed. Since the paper focuses on basic principles,
the design of the optimal values of the linear fusion weight
W and of the upper bound weights ωi,j is not dealt with, but
it is left for a future research. Numerical examples and further
explanations follow in Section IV, the discussion of the above
proposed approach and its extension proceed in Section V.

IV. CASE STUDY

In the following illustration of the approach proposed in
Section III, the dimension of the estimated quantity X is
considered to be equal to one and to be equal to two.

First, note that the component weights αi,j1,2 are not con-
nected with a particular dimension of X . Therefore, the
following settings of the weights will be used in the examples
with one dimensional X as well with two dimensional X . In
each example, the mixture pX̃1

(x̃1) will have two components,
N1 = 2, while the mixture pX̃2

(x̃2) will have two or three
components, N2 = 2 or N2 = 3. So, let it hold

[αi1]2i=1 = [3/7, 4/7]T, [αj2]2j=1 = [1/3, 2/3]T (14)

in the 2× 2 case and

[αi1]2i=1 = [3/7, 4/7]T, [αj2]3j=1 = [1/3, 1/6, 1/2]T, (15)

in the 2 × 3 case. The parametrisation of the component
weights αi,j1,2 of the joint mixture pX̃1,X̃2

(x̃1, x̃2) can be done
for example by [14]. Nevertheless, another parametrisation is
used in the sequel.

Denoting the matrix [αi,j1,2]2,2i=1,j=1 as α1,2, let the compo-
nent weights of the four component mixture be parametrised
by the component weight α1,1

1,2,

α1,2(α1,1
1,2) =

[
α1,1

1,2 α1
1 − α

1,1
1,2

α1
2 − α

1,1
1,2 1− α1

1 − α1
2 + α1,1

1,2

]
. (16)

To fulfil the condition (13), the admissible values of the
component weight α1,1

1,2 follows from (14) and are given by
0 ≤ α1,1

1,2 ≤ 1/3. So, the extremal values of α1,2 are given by

α1,2(0) =

[
0 3/7

1/3 5/21

]
, α1,2(1/3) =

[
1/3 2/21
0 4/7

]
(17)

and the possible values of α1,2 are given by their convex
combination.

The six component mixture can be parametrised by the
pair of the component weights α1,1

1,2 and α1,2
1,2. Using the matrix

notation again, α1,2 = [αi,j1,2]2,3i=1,j=1, it holds

α1,2(α1,1
1,2, α

1,2
1,2) =

=

[
α1,1

1,2 α1,2
1,2 α1

1 − α
1,1
1,2 − α

1,2
1,2

α1
2 − α

1,1
1,2 α2

2 − α
1,2
1,2 α3

2 − α1
1 + α1,1

1,2 + α1,2
1,2

]
, (18)

since α3
2 = 1−α1

2−α2
2. For the marginal component weights

given by (15), it is easy to see that the non-negativity of com-
ponent weights (13) leads to the conditions 0 ≤ α1,1

1,2 ≤ 1/3,
0 ≤ α1,2

1,2 ≤ 1/6 and −1/14 ≤ α1,1
1,2 + α1,2

1,2 ≤ 3/7, where the
condition −1/14 ≤ α1,1

1,2 + α1,2
1,2 is guaranteed by 0 ≤ α1,1

1,2

and 0 ≤ α1,2
1,2. Therefore, there are five extremal values

of (α1,1
1,2, α

1,2
1,2), namely (0, 0), (1/3, 0), (0, 1/6), (1/3, 2/21),

(11/42, 1/6), while the corresponding matrices α1,2 (18) are
given respectively as[

0 0 3/7
1/3 1/6 1/14

]
, (19a)[

1/3 0 2/21
0 1/6 17/42

]
,

[
0 1/6 11/42

1/3 0 5/21

]
, (19b)[

1/3 2/21 0
0 1/14 1/2

]
,

[
11/42 1/6 0
1/14 0 1/2

]
(19c)

and the possible values of α1,2 are given by their convex
combination. Note that the values (1/3, 1/6) are not admissible
and that the convex combination of five matrices can by
parametrised by just two parameters.
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Fig. 1. 2-σ intervals for ΠF (α1,1
1,2), α1,1

1,2 = 0 (thick solid lines) and α1,1
1,2 =

1/3 (dotted lines), and for ΠM
F (thick dash-dotted lines). Local mean values

mi
1 (crosses) and mj

2 (pluses), fused mean values mi,j
F (dots).

A. One dimensional estimated quantity, four components

Let the mixture pX̃1,X̃2
(x̃1, x̃2) have four components,

where the component weights αi,j1,2 are given by (14) and (16).
Let the mean vectors mi,j (4) of the components (3) be given
by

[mi
1]2i=1 = [2,−1.5]T, [mj

2]2j=1 = [−3, 1.5]T, (20)

and let the corresponding variances Pi1, Pj2 be given by Pi1 =
1/3, Pj2 = 1/3. Consider the fusion weight W to be given as
W = 3/5.

First, the mean square errors P1, P2 of local estimators are
computed and a crude upper bound ΠM

F is computed according
to (7). It holds P1 = 10/3 ≈ 3.33, P2 = 29/6 ≈ 4.83, where
≈ mean approximately equal. For fixed W, the best crude
upper bound is obtained for ω ≈ 0.55, ΠM

F = 3.9.

Next, let the upper bound weights ωi,j have the same
value as W, ωi,j = 3/5, i = 1, 2, j = 1, 2. Note that for
the one dimensional case where Pi1 = Pj2, this choice is
optimal, that follows from a straightforward analysis of (11).
Thus, the upper bounds Πi,j

F of the component variances are
equal to 1/3. The component mean values mi,j

F are given
by (8) and do not depend on the upper bound weights ωi,j ,
[mi,j

F ]2,2i=1,j=1 = [[0,−2.1]T, [1.8,−0.3]T]. In the one dimen-
sional case, the upper bound ΠF of the mean square error of
X̂F (6) is given by a simple maximum of the sum term in (12)
over αi,j1,2 given by (17). So, if the sum term in (12) is denoted
as a function of the parameter of α1,2 (16) as ΠF (α1,1

1,2),
then ΠF = max(ΠF (0),ΠF (1/3)). Since ΠF (0) ≈ 3.21 and
ΠF (1/3) ≈ 0.69 holds, it follows ΠF ≈ 3.21. Thus, the
obtained upper bound ΠF is better than the crude one ΠM

F .

Fig. 1 shows the component mean values mi
1, mj

2 and

mi,j
F , the 2-σ intervals (−2

√
ΠF (α1,1

1,2), 2
√

ΠF (α1,1
1,2)) for the

extreme values of α1,1
1,2 and the 2-σ intervals given by ΠM

F .
It is necessary to stress here that no density of X̃F has been
constructed. Only the upper bound ΠF of the mean square
error has been provided, while the mean of X̃F is zero by
construction (6).

B. One dimensional estimated quantity, six components

Now, let the mixture pX̃1,X̃2
(x̃1, x̃2) have six components,

where the component weights αi,j1,2 are given by (15) and (18).
Comparing with the previous example, the second component
of the marginal density pX̃2

(x̃2) is split now. So, let the mean
vectors mi,j be given by

[mi
1]2i=1 = [2,−1.5]T, [mj

2]2j=3 = [−3, 0, 2]T (21)

−4 −3 −2 −1 0 1 2 3 4
x̃F

Fig. 2. 2-σ intervals for ΠF (α1,1
1,2, α

1,1
1,2), the parameter pairs correspond

to (19) (thick solid, dash-dotted, dashed, dotted and solid lines), and for ΠM
F

(dash-dotted line). Local mean values mi
1 (crosses) and mj

2 (pluses), fused
mean values mi,j

F (dots).

and let Pi1, Pj2, W have the same values as before, Pi1 = 1/3,
Pj2 = 1/3, W = 3/5. So now, it holds P1 = 10/3 ≈ 3.33,
P2 = 16/3 ≈ 5.33 and ΠM

F ≈ 4.08 for ω ≈ 0.54.

Let ωi,j have the same value as W again, ωi,j = 3/5,
i = 1, 2, j = 1, 2, 3. The upper bounds Πi,j

F are again
equal to 1/3, the mean values mi,j

F are given by (8) as
[mi,j

F ]2,3i=1,j=1 = [[0,−2.1]T, [1.2,−0.9]T, [2,−0.1]T]. Denot-
ing the sum term in (12) as a function of the parameters
of α1,2 (16) as ΠF (α1,1

1,2, α
1,2
1,2), it holds ΠF (0, 0) ≈ 3.65,

ΠF (1/3, 0) ≈ 0.85, ΠF (0, 1/6) ≈ 3.09, ΠF (1/3, 2/21) ≈
0.53, ΠF (11/42, 1/6) ≈ 0.89. The upper bound ΠF provided
by the fusion is given by ΠF ≈ 3.65 and is better than ΠM

F .

Fig. 2 shows the component mean values mi
1, mj

2 and
mi,j
F , which overlap in the value 2, and the 2-σ intervals

for the above inspected values of (α1,1
1,2, α

1,2
1,2) and for ΠM

F .
It is necessary to stress again that no density of X̃F has been
constructed.

C. Two dimensional estimated quantity, four components

The examples proceed in the same way and therefore, the
description can be briefer. Let weights αi,j1,2 be given by (14)
and (16). Further, let it hold

m1
1 =

[
2
2

]
,m2

1 =

[
−1.5
−1.5

]
,m1

2 =

[
−3
3

]
,m2

2 =

[
1.5
1.5

]
, (22)

Pi1 = I, Pj2 = I. Then, it follows

P1 =

[
4 3
3 4

]
, P2 =

[
5.5 −4.5
−4.5 5.5

]
. (23)

The choice of the fusion weight W is much more com-
plicated than in the one dimensional case. For the purpose of
illustration, two values of W will be considered,

W1 = (wP−1
1 + (1− w)P2)−1wP−1

1 , W2 = wI, (24)

where w is an auxiliary parameter, 0 ≤ w ≤ 1, and the value
w = 3/5 is considered. Without searching the optimal values,
the upper bound weights ω and ωi,j , see (7) and (11), are for
simplicity chosen as ω = w and ωi,j = w.

For the choice W = W1, it holds

ΠM
F ≈

[
1.8107 0.2482
0.2482 1.8107

]
, Πi,j

F ≈
[
1.6110 0.1364
0.1364 1.6110

]
(25)

and the parameter-dependent upper bounds ΠF (α1,1
1,2) are

ΠF (0) ≈
[
1.7716 0.2122
0.2122 1.6724

]
, ΠF (1/3) ≈

[
1.6558 0.2122
0.2122 1.7882

]
.

(26)
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Fig. 3. 2-σ covariance ellipses for P1, P2 (dashed, left figure only), ΠF (0),
ΠF (1/3) (solid), Πdet

F (thick solid) and ΠM
F (thick dash-dotted). Local mean

vectors mi
1 (crosses) and mj

2 (pluses), fused mean vectors mi,j
F for 0 ≤ w ≤

1 (dotted lines) and for the chosen value w = 3/5 (dots). The left figure shows
the case W = W1, the right one shows the case W = W2.

Since there is no unique maximum function for matrices, an
upper bound of ΠF (0) and ΠF (1/3) is proposed by using the
simultaneous diagonalisation as in [19], [20], i.e.

ΠF = (VT)−1 max(VTΠF (0)V,VTΠF (1/3)V)V−1,
(27)

where V contains the generalised eigenvectors of ΠF (0) and
ΠF (1/3), that means that the matrices VTΠF (0)VT and
VTΠF (1/3)V are diagonal, and the max function is applied
element-wise. By (27), the determinant of the upper bound
is optimised. Since the off-diagonal elements of ΠF (0) and
ΠF (1/3) are the same, the element-wise maximum of these
matrices, max(ΠF (0),ΠF (1/3)), leads to a valid upper bound,
that is optimal in the sense of the trace. So, the upper bounds
can be given by

Πdet
F ≈

[
1.7721 0.2194
0.2194 1.7886

]
, Πtr

F ≈
[
1.7716 0.2122
0.2122 1.7882

]
. (28)

Note also that Πdet
F is better than ΠM

F , ΠM
F −Πdet

F > 0, while
Πtr
F and ΠM

F are incomparable, because it neither holds ΠM
F −

Πtr
F ≥ 0 nor Πtr

F −ΠM
F ≥ 0 in the positive semidefinite sense.

Fig. 3 shows 2-σ covariance ellipses, that are given by
the set {x̃ : x̃TΠ−1x̃ = 22} for x̃ = [x̃T

1 , x̃
T
2 ]T and a

matrix Π. Because ΠF (0), ΠF (1/3), Πdet
F and ΠM

F have very
similar values for W = W1, the covariance ellipses are not
distinguishable in the left figure. The similarity follows from
the closeness of the fused mean vectors mi,j

F and from the
equality Pi1 = Pj2 for i = 1, 2, j = 1, 2. Consequently,
the proposed approach produces only a slight improvement
comparing to (7).

The differences between the approaches are better visible
for W = W2. Then, it holds ΠM

F = 4.6 I, Πi,j
F = I,

ΠF (0) =

[
3.88 0.36
0.36 1.72

]
, ΠF (1/3) =

[
1.36 0.36
0.36 4.24

]
, (29)

Πdet
F ≈

[
3.8905 0.5228
0.5228 4.2505

]
, Πtr

F =

[
3.88 0.36
0.36 4.24

]
, (30)

The covariance ellipses are compared again in Fig. 3. Oppo-
sitely to the previous case, Πdet

F and ΠM
F are incomparable

now, whereas Πtr
F is better than ΠM

F , ΠM
F − Πtr

F > 0. Note
once more that no density of X̃F has been constructed.
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Fig. 4. 2-σ covariance ellipses and mean vectors. The notation from Fig. 3
persists, but there are five ellipses (solid lines) for ΠF (α1,1

1,2, α
1,2
1,2) now.

D. Two dimensional estimated quantity, six components

Let the weights αi,j1,2 be given by (15) and (18) and let

[mi
1]2i=1 =

[
2 −1.5
2 −1.5

]
, [m1

2]3j=1 =

[
−3 0 2
3 −1.2 −1.6

]
,

(31)
Pi1 = I, Pj2 = I hold. Then, it follows

P1 =

[
4 3
3 4

]
, P2 =

[
6 −4.6
−4.6 5.52

]
. (32)

Further, consider the two cases of W given by (24) and w =
3/5, ω = w, ωi,j = w.

The matrices Πi,j
F are the same as before, see (25) for W =

W1 and it holds Πi,j
F = I again for W = W2. Now, there

are five parameter-dependent upper bounds ΠF (α1,1
1,2, α

1,2
1,2).

To arrive at an upper bound ΠF , it is possible to apply the
simultaneous diagonalisation (27) sequentially. Due to the con-
struction of the component weights and mean vectors, compare
(14) with (15) and (22) with (31), the resulting matrices are
similar to the corresponding matrices in the previous example
and therefore, only a graphical comparison is made in Fig. 4
in order to save space.

It can be observed that the final upper bound ΠF is not tight
for every extremal bound ΠF (α1,1

1,2, α
1,2
1,2), where the tightness

is meant in the sense that the matrix ΠF − ΠF (α1,1
1,2, α

1,2
1,2)

has zero determinant. Recall that there is no unique matrix
maximum. Thus, due to the sequential construction of ΠF , it
can happen that ΠF is tight with respect to only one extremal
bound ΠF (α1,1

1,2, α
1,2
1,2) given by (19), like in this example.

E. Summary of the case study

In the study, the fusion weights W have been chosen
without the ambition to be the best weights in a predetermined
sense. For two dimensional estimated quantity, the upper bound
weights ω and ωi,j have been chosen in the same way, just for
the illustration of the proposed approach. Also, the sequential
application of (27) is a suboptimal solution. Therefore, the
proposed upper bounds Πdet

F or Πtr
F can be incomparable with

the crude upper bound ΠM
F . Nevertheless, it has been possible

to find better bounds than the crude one.

It has to be reminded that no densities treated in this
paper are conditioned by Zs. This paper does not deal with
the Bayesian approach, the quantity to be estimated X can



also be an unknown deterministic value. The vectors mi,j

and matrices Pi,j , W are not dependent on Zs by problem
definition, analogously to the Covariance Intersection fusion
or usual linear fusion [3]. In the opposite case, PF cannot be
computed by (8)–(10). The mean square error matrix PF is a
property of the random variable X̂F (6), it is not property of
the realisation of X̂F .

For the last time, note that no density of X̃F has been
constructed so far. For unbiased local estimators X̂1, X̂2,
the linear fusion given by (6) leads to an unbiased fused
estimator X̂F . However, if the cross-covariance terms Pi,j1,2

or the component weights αi,j1,2 are unknown, the covariance
matrix PF of the fused estimator error cannot be evaluated.
That means that the density pX̃F

(x̃F ) cannot be evaluated as
well. Therefore, the following section ponders on a density
analogue of upper bounds of mean square error matrices of
the fused estimator.

V. FURTHER DISCUSSION

This section discusses the design of functions that are
intended to be used instead of unknown probability density
functions. Two approaches are dealt with, namely the design
of a Gaussian function and the design of a special Gaussian
mixture function.

Knowing that the mean vector of X̃F is zero and having
an upper bound ΠF of the mean square error matrix, an
engineering approach is to pretend that the density of X̃F is
Gaussian. Then, a function πF (x̃F ), which is not a probability
density of any meaningful random variable and which is given
by πF (x̃F ) = N (x̃F : 0,ΠF ), is handed over together with
the fused estimator X̂F to a further processing. The output of
the fusion has the same structure as its input, i.e. measured
data processed by some function and a function describing
the unconditional density of the estimator error. Making the
pretence of Gaussianity, a recursive estimation of dynamical
systems is viable. On the one hand, the upper bounding
property of πF (x̃F ) is retained in the sense that the use of ΠF

as the input in a further fusion step leads to valid upper bounds.
This is caused by the fact that the pretended Gaussianity is
actually not exploited. On the other hand, the evaluation of the
density pX̃F

(x̃F ) in some value of x̃F is flawed by evaluating
πF (x̃F ) instead. However, this flaw is unavoidable.

Because the input of the fusion was considered in the
form of a processed data and a Gaussian mixture, it is
desirable to output a mixture as well. So, the design of
general non-Gaussian function πF (x̃F ) is dealt with now,
while the approach proposed in [22] is exploited. Nevertheless,
several simplifying pretences will be adopted and thus, another
engineering approach will be obtained.

In [22], [23], it has been proposed to call a density function
π to be conservative with respect to a density function p,
if it holds H(π) − H(p) − D(p‖π) ≥ 0, where H(π) and
H(p) are the differential Shannon entropies and D(p‖π) is
the Kullback–Leibler divergence. The entropies are given by
H(π) = −Eπ{ln(πX (X ))}, H(p) = −Ep{ln(pX (X ))},
where the expectations consider a random variable X with the
densities πX (X ) and pX (X ) respectively, and the divergence
is given by D(p‖π) = Ep{ln(pX (X )/πX (X ))}. Loosely

speaking, to propose a function πF (x̃F ) conservative with
respect to pX̃F

(x̃F ) means to propose a function that is more
uniform. This can be perceived as an upper bounding property,
especially if the density of estimator error X̃F is considered.

Opposing to the dealing with matrix upper bounds, conser-
vative density functions do not enjoy several properties essen-
tial for the use in recursive estimation. For example, a mixture
π of components conservative with respect to components of
mixture p need not be conservative with respect to p. Next, no
transitivity is guaranteed, i.e. if q is conservative with respect
to π which is conservative with respect to p, q need not be
conservative with respect to p. Also, time update steps and
measurement update steps need not preserve conservativeness.
So, once a conservative density function is proposed, it is
pretended to be the actual density in a further processing.

Imitating the steps of the fusion presented in Section III,
the function πF (x̃F ) is designed as follows.

First, choose the values of upper bound weights ωi,j
and construct upper bounds Πi,j of Pi,j . For fixed compo-
nent weights αi,j1,2, consider parameter-dependent instrumental
functions π1,2(x̃1, x̃2 : α1,2) that pretend Πi,j = Pi,j ,
i.e. π1,2(x̃1, x̃2 : α1,2) =

∑N1

i=1

∑N2

j=1 α
i,j
1,2N ([x̃T

1 , x̃
T
2 ]T :

mi,j ,Πi,j). For the given estimator fusion rule (6), com-
pute the parameter-dependent instrumental functions πF (x̃F :
α1,2). Finally, choose one function πF (x̃F ) that is conservative
with respect to all functions πF (x̃F : α1,2).

For a given fusion weight W, the upper bound weights
ωi,j should be chosen according to some criterion. To simplify
the problem, they can be chosen individually, for example
according to the determinant or trace of Πi,j

F . The component
mean vectors of πF (x̃F : α1,2) are given by (8), the component
covariance matrices are given by substituting Pi,j by Πi,j in
(9). Note that πF (x̃F : α1,2) is a mixture family. According
to [22], the searched function πF (x̃F ) is given by the function
πF (x̃F : α1,2) with the maximal entropy.

An illustration of this heuristic approach is given in
Figs. 5–7. For the example from Section IV-B, the functions
π1,2(x̃1, x̃2 : α1,2) are shown in Fig. 5. The top left figure
shows the function π1,2(x̃1, x̃2 : α1,2) with such weight
α1,2 which maximises the entropy of πF (x̃F : α1,2), i.e.
by (α1,1

1,2, α
1,2
1,2) = (0.0350, 0.0842) and (18). Remark that the

weight α1,1
1,2 is too small to be remarkable in the figure. The

other figures of Fig. 5 show the functions π1,2(x̃1, x̃2 : α1,2)
for α1,2 given by (19), that means that the top right, middle
left, middle right, bottom left and bottom right figures of Fig. 5
are given by (α1,1

1,2, α
1,2
1,2) equal to (0, 0), (1/3, 0), (0, 1/6),

(1/3, 2/21) and (11/42, 1/6) respectively. The dotted lines
indicate the lines over which one integrates the functions
π1,2(x̃1, x̃2 : α1,2) in order to obtain the functions πF (x̃F :
α1,2), which are for regular W given by πF (x̃F : α1,2) ∝∫

Ω
π1,2(W−1(x̃F − (I − W)ξ), ξ : α1,2) dξ, where Ω is

the corresponding support and ∝ means proportional to. The
functions πF (x̃F : α1,2) are shown in Fig. 6. Note that the
function with maximal variance (shown by thick dashed line)
is not the one with the maximal entropy (thick solid line).
Also, observe that the function with the maximal entropy is
the most uniform one. Further, remark that the 2-σ intervals of
the functions given by (19) have already been shown in Fig. 2.
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Fig. 5. Contours of instrumental functions π1,2(x̃1, x̃2 : α1,2) for
(α1,1

1,2, α
1,2
1,2) given by (0.0350, 0.0842) (top left) and by (19) (in the

respective layout), the levels are multiples of 0.01. Component mean vectors
mi,j (dots), levels of X̃F given by mi,j

F (dotted lines).
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Fig. 6. Instrumental functions πF (x̃F : α1,2) for (α1,1
1,2, α

1,2
1,2) given as in

Fig. 5 (thick solid, thick dashed, dash-dotted, dashed, dotted and solid lines).
Component mean values mi,j

F (dots).

Fig. 7 shows the function πF (x̃F : α1,2) for the example
given in Section IV-D, with the choice W = W2. The
top left figure shows the function with the maximal entropy,
where the component weights are now given by (α1,1

1,2, α
1,2
1,2) =

(0.1526, 0). Again, this function is the most uniform one.
Comparing to the one dimensional example, there is no density
function with the maximal covariance matrix now. Finally, note
that the 2-σ covariance ellipses for α1,2 given by (19) have
already been shown in the right figure of Fig. 4.

VI. CONCLUSION

The paper has supposed a Gaussian mixture model of
the joint density of local estimator errors. The linear fusion
has been dealt with. Regarding the upper bounds of mean
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Fig. 7. Contours of instrumental functions πF (x̃F : α1,2) for (α1,1
1,2, α

1,2
1,2)

given by (0.1526, 0) (top left) and by (19) (in layout as in Fig. 5), the
levels are multiples of 0.01. 2-σ covariance ellipses for ΠF (thick solid)
and ΠF (α1,1

1,2, α
1,2
1,2) (dashed) and fused mean vectors mi,j

F .

square error matrix of the fused estimator, it has been shown
that a more detailed modelling of the local estimator errors
can improve the quality assessment of the fused estimator.
The knowledge of the structure of the joint density of local
estimator errors leads to a partial knowledge of the cross-
covariances of the errors in fact. Further, the quality assessment
by a density function of the fused estimator error has been
discussed and a heuristic approach has been proposed. The
further research consists in the optimal design of the fusion
weights, of the upper bounds weights or in a less heuristic
design of the density function. Also, the problem of scalability
for a high number of mixture components and the problem of
transitivity when dealing with dynamical systems form open
questions.
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